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The relations (A, 4) imply that
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By writing out the right sides, cancelling identical terms and using (A.6) and (A, 7)
and the obvious relations
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we find that the left sides of (A. 6) also satisfy the system (1, 9).
The theorem has been proved in its entirety,
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The theory of the interior state of stress constructed in [1] in conformity with the scheme
described in [2] is supplemented by an asymptotic boundary layer theory (a theory of
edge states of stress) and the question of boundary layer interaction with the interior state
of stress is solved for a thin elastic isotropic shell,

A two-dimensional linear theory of thin elastic shells is formulated at the end, It is
based on the results herein and in [1], and is an extension of the classical theory of shells
in the sense that it permits a more exact construction of the interior state of stress and,in a
certain approximation, the investigation of edge elastic phenomena not taken into account
by classical theory, The interior state of stress is computed by the method proposed by
using equations and boundary conditions of classical theory, which are insignificantly
modified, and the computations of the edge stresses reduces to the construction of a linear
combination of solutions of certain auxiliary plane and antiplane problems with standard
conditions independent of the geometric properties of the shell and of the nature of its
loading,
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1, Let us utilize a tri-orthogonal (al, @y, Q3) coordinate system specifying a point

by the radius-vector P according to tormula
P = M(ay, o) + agn (1.1)

where M (a,, o,,) is the radius-vector of some surface referred to the lines of curva-
ture, and n is the unit normal vector to this surface,

We call the surfaces a3 = 0, @3 = 4- & the middle and face surfaces of the shell,
respectively, The constant / is understood to be half the shell thickness,

Let 0;; and v; denote the stresses and displacements in the chosen coordinate system,
and let us examine the two following groups of quantities:

Sy =1+ asg/By)oy, Sz =1+ a3/ Ry)0y5, Sgs = (1 + a3/ Ry)0x

Sss = (1+ as/Ry) (1 + as/ R)033, U, =h'v,, Us=h7'v, (1.2)

Ty, = (1 4+ as/ Ry)oy,, Ty = (1 4+ as/ Ry)0y, Tos = (1 + a3/ Ry) 0y
= Iy, (1.3)

These formulas replace the symmetric stresses g;; by the nonsymmetric stresses S ;
T4, and the true displacements v; by the dimensionless displacements U,, V,, Us.
Moreover, the stresses and dimensionless displacements are separated into two groups,
which will later be denoted by S and T, respectively

§ = (Slla Szza S33, S131 Uly Us)» T = (lev T21a T231 V2) (14)
2, Let us consider the differential equations of elasticity theory for an isotropic body.
In the arbitrary tri-orthogonal coordinate system under the assumption of no mass forces,
they can be written thus:
equilibrium equations

- (HiHio) + 5o (H Hioi) + = (HiH3u4) —
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Replacing here &;; and v, by S, T by means of (1.2), (1. 3) and considering the co-~
ordinates (1. 1) to have been selected, we obtain a system of equations which can be
written briefly as

N,8.T)=0 (n=1,...,86), Mu(S, T)=0 m=1,2314 (2.1)

The following formulas elucidate the notation introduced here :
Ny(S,T) = 0,811 + 0;Typ + (1 + ag/ By)05Sys + kao(Syy — Spp) +
+ bk (Tye + Toy) + 2813/ Ry

M(8,T) = 8,Ty; + 8,825 - (1 + a3/ Ry)0;3T 5 + ki(See — S11) +
—ko(Tyy + Toy) | 2Ty3/ R,
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Nz(S,T) = 01531 + 62T32 + asssa + k2S13 + kIT28 -_— Sll / Rl —_ ng / R’

No(S,T) = E(l 4 a5/ Ry) (3,U, + kyVa + Us/ Ry) —
—h( + a3 /Ry)IS;; — v(1 + a3/ Ry)Say — vSss]

NS, T) = E(1 + as/Ry)(0;Vy + kU, + Us/ Ry) — B2 + as/R,) Sy —
—v(1 + a3/ R)) S;; — vSssl

NyS,T) = E(1 + as 7 Ry) (1 + as/ Ry) 05Us —
—h 1 [Sgs — vl + a5/ R)S;; — v + as/ R,) Sal

M,(S,T) = E[(1 + as/R)%,U, + (1 + as/Ry) 6,V, — ky(1 + s [R)U, —
— k(1 + ag ! Ry) Vol — 20751 + v)(A + ag/ BTy 2.2)

My(S,T) = EI(t + ag/ Ry)oVy + (1 + s/ RYO,U, — ky(t + g/ Ry)V,—
— k(1 + as/ R)U 1 — 20711 + )1 + as/ Ry)Ty,

Ne(S,T) = E( + a5/ Ry)l(1 + ag/ Ry) 05Uy — Uy | Ry + 8,Usl —
— 2k (1 + V)1 + a5/ Ry)Sys

M (S,T) = E(1 + ag/ R)(1 + ag/ R)dsV, — Vs / Ry + 0,Us) —
—2‘-1(1 + \’)(1 + a3/ Re)Tys

where (2.3).

1t 9 . a 194 .
o= — 5y =1,2) "=t b=z (Fi=12)

The equations Mg=—0 and M3 =0 in the system (2. 1), (2, 2) are duplicates, and this
can be seen by examining the quantities 7,4 and Ty, by means of (1, 3).

3. The boundary layer is understood to be that stress-strain state which is localized
near some normal section of the shell (formed by the normals of the middle surface),
and damps with distance from it,

Let us assume that this normal section is given by the equation @; = 0. (The domain
of applicability of the proposed theory is thereby restricted to the assumption that the
boundary layer originates near the lines of curvature), To be definite, let us assume that
the parameters (a;,0;) have the dimensionality of a length, and are selected so that
A, A,are commensurate with unity, i, e, that the arclengths of lines on the surface are
commensurate with the corresponding increments in the parameters (o, o). It is suf-
ficient to satisfy this latter condition just near @, = 0, where the boundary layer is
generated, and this new constraint on the generality is not essential,

Let us introduce a change in independent variables by means of the formulas

al = R“-qgl, aa = Rx—pgz, st = Hx—qc (3.1)

where R is the characteristic radius of curvature of the middle surface, % a large dimen-
sionless parameter,and p and ¢ are integers which are chosen so that the following equa-
lities are satisfied %-1=h, =h/R, %P = h,t, t=plq (3.2)

It is henceforth considered that R is commensurate with unity in the selected length
scale, and that differentiation with respect to §;, §s, § does not change the order of the
desired quantities, This latter is equivalent to the assumption that the desired quantities
are magnified, respectively, by %9, %P, %9 times when differentiated with respect to
oy, Gg, O3 .
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This means, firstly, that the number ¢ in (3, 1), (3.2) agrees in its meaning with the
index of variability of the desired state of stress in a, (in particular, along the edge line
o = O) , and secondly, that the indices of variability along the normal to the middle
surface, and the tangential normal to a; = 0 equal one,

The number p, and the variability of the boundary layer in a, in addition, are defined
by the conditions of the problem: it must be selected so that ¢ would equal the index of
variability of those self-equilibrated edge effects which generate the boundary layer,
The equality of the indices of variability in @) and &, to one will as yet be an arbitrary
assumption, It is later justified by the fact that it results in a consistent iteration process,

Let us execute the change of variables (3, 1) in (2. 1), (2. 2), and let us expand the coef-
ficients of these equations in a Taylor series near a; = 0, i.e. let us set

P = Z o P, = Z Re% P,

p==0 o==0

where P can be understood to be any coefficient in (2, 2), for example

b= bk Rk g R (=)t
The symbols &; and 33 defined by the first two equations in (2. 3), are hence transformed
thus;
B (3.3)
=0
1 4 1 %P 9 9 g q
=g = A R~ R D I e G= T ds
Here ’ 5 = 5 5
h=Rlg) g w=Flg)l e b= @

(1/43), are coefficients of the Taylor series expansion of 1/4; in u

Let us insert these results into (2. 1), (2. 2), let us replace the a3 which enters explicitly,
by (3. 1), and & by (3.2), and let us expand (2.2) in powers of the small parameter x™¢
by considering %P as an independent parameter, We obtain

3‘,%“”[“ (S, T)+—l\2(S,T)+N;;(S,T)]=0 (n="1,...,6)

=0

(3.5)

o0
S [_’I‘; ME, (S, T) + - M (S, T) + Mus (S, T)] =0 (m=1,2,3,0
§=0
The superscripts in (3, 5) mean that the following component groupings were taken
in (2.2):
M, 13, N,1% are sets of components containing either the differentiation symbols
8, or @g,o0r the factor h™*;
M mz’ N,2 are sets of components contammg the differentiation symbol d5;
M, *, Np* are sets of components not in the two preceding groups,
The common factor %? /R, which is written down explicitly in (3, 5), is extracted
outside the brackets in the expressions for Mp,!3, N2 | and the rest of these expres-
sions is expanded in powers of %Y. The other terms in (3. 5) are analogously constructed,



Boundary layer and its interaction with the interior state of stress of an elastic thin shell 975

Let us present the expansions of some of the operators in (3, 5)

N}S = deu + dssxs, Nﬁ = d:osxa'f'dasaa
},3 = EleUl - [Su —v(S,, + S”)], N:g‘—'- - [S,, — W (Su + Sss)]

(3.6)
N;g = EdsUs — [Sss — v(Su + Sn)l, Ng = E(daUx + dUs)—
—_ 2(1. + 'V) S13
M}?, = dyoTgy + dsTss, M;g =EdyVa—2(1+v) Ty 3.7)
My =EdyV,—2 (1+ v)Tya, M}S =EdyVa--2(1+ )Ty '

N2 =dyTis, Nog=dyTes, Ni=EdyVs Nyp=Ng= Ng=0 (3.8)
My = dySss, May=EdyU;, Mg = EdyU,, M= Edg,U, (3.9
NE = &duSy + LR/ Rio)dsS1s, Nat = E1d1S1s
MB =1 duTsey + § (R/Ry) daTas
Nio* = kao (S11 — Saa) + k1o (Tr2 + Tr1) + 2518/ Ryo (3.10)
M yo* = k1o (Saa — S11) + kao (T1a + Tar) + 2T s/ Ryo
Ngo® = k3oS1s + k10Tas — S11/R1o — S22/ Roo

4, Letus give T and S in (3. 5) as expansions in descending powers of %

St et N -t g® (4.1)
T,= 2 » Ty, S, = WP 2 %Sy
t=0 t==Q
(the value of the subscript @ is explained below),
Let us require that the coefficients of identical powers of %, starting with the highest,
vanish,
Since all the operators )N and M are lineat, then

»

t=0

N (Sar Ta) = %702 3 %~V (89, 0)+ 3 %tV (0, TY)
t=m(

and analogously for M. Making note of this, we obtain a sequence of systems of equa-
tions

2 N:S (Sf:_‘hp—‘q), 0) 4 Z N?,.(O, Tf:—qw—sq))_*_
8 =0 8=20
o] [oe]
4R Nt (0, TS + {R 3 N, * (SS90, 0)} =0
s=( 8=0
S M0, TE™) +{ 3 My (S§THPD, 0)}+ (4.2)
8 m=0 8=0
+ RS M (0, TS +{R SU Moy (S577709, o)} =0
a;o =0

Here and henceforth it is considered everywhere that
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TV =57=0 (<o (4.3)
and moreover, it is taken into account that by virtue of (2, 2)
N0, T)=0, MR(S,0=0, NL(S,0=0, M40, 1)=0

If only the first-r members tor Tpand r — ¢ + p members for S, are taken into
account in the sums (4, 1), 1. e, if for terms having factors of at least ® ™" are discarded,
we shall say that (S,, T';) are constructed with a formal asymptotic error of the order
of 0(%7). This concept nas also been used in 1], where a formal asymptotic error of
the order of £ = 0(%—211 L?p) — 0 (hi—‘u) (4'4)
was assumed herein for the theory ot the interior stawe of stress,

We shall also construct a boundary layer theory with the formal asymptotic error(4.4),
Then, in the exponents for I', in (4.2) we set T <C2q — 2p,and T << q — p in the
exponents for S, , and we use (4, 3). Consequently, the members in the braces in (4, 2)
drop out,

Noting this, and setting T — ¢ + p = ¢ in the first equality of (4. 2), it can be
rewritten A8 (SO 0) - XD =0 (e=1,2...,6 0<t<g—p)

M (0, TE) + Yii=0  (m=1,2,3.4 0<t<2—2p)
XQ = N2 (0, T0) + RNng (0, TEP)

Yo = Mui (0, TS ™) ++ RM 1y (0, TE79)
The equalities (4, 5) are a chain of systems of equations, from which the unknowns

(4.5)
where

(4.6)

10 = (T, T, T8, VE)
S = (S0, Sa, SHa, S, U, US)
can be found successively, in order of growth of T and f .
This precess is an iteration, in which the system
B0, T =0 (m=1,2340<1<9) (4.7)
consisting of four equations with four unknowns, leads off,

Indeed,(4.7) is obtained from the second equality of(4.5) since Y$) = 0 for v < ¢ be-
cause of(4.6)and(4.3). For T 2> ¢,an inhomogeneous equation expressed by the second
equality in (4, 5) is obtained for 7{"?, but according to (4,6), the Y therein is expressed
in terms of T 9, and upon executing the iteration process vt 3, must be considered as
a known quantity, There is a system of six equations formed by the first group of equa-
lities (4, 5) for the six unknowns S ; the quantity X!;) must hence be considered
known since, according to (4. 6), it is expressed in terms of Ta-

Besides solutions of the form (4. 1), solutions ot the form

oc -
Sy= N wtSP,  Tp=x""" T (4.8)
(=0 t==0
can also be constructed,
Proceeding analogously in this case, we obtain the following sequence of systems of
equations for the construction of Sy(", T, :
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N (5,00 + X =0 (a=1,2,....6:0<v <2 —2p)

4.9
MEO, T +YR=0 m=1,2340<t<q—p) (4.9)
where X‘) N f, @ ' D)
b = St ?,0)+ RN " 0
N ( )+ RNno (Sb ) (6.40)

Y = Mg (50, 0) + RMmg (S577, 0)
A solution of the form (4. 8) can be determined from (4. 9), (4. 10) by using an 1iesa-
tion process in which the system

N2(SP, 00=0 (®m=12...,60<1<0 (4.11)

consisting of six equations with six unknowns, leads off,

5, Solutions of the form (4. 1) and (4. 8) have a simple physical meaning,
Taking account of (3, 3), (3. 6) and (3. 7), Egs. (4. 5) and (4. 9) can be written in expan-
ded form as follows:
A 96 + ag 1.7 % Ay 3

8U( ) 7! r s
T S0+ S XD, 0= v (S0 + 5D — XP

as S(’) .
1 13 RS ac + X() 0 (5.1)

U
L
( 1 Uy s aU")\
A 081 at /

— V(S + 8 — X0

2(1 +v) SF — X

g TR ang) o _ E VO N __ yin
o - +yYP =0, = =2(1+v TR —Y (5.2
vy YO -y
(r) r) 3 )
T A+wTH—YP, T1O=718_— i

These systems hold for both quantities with subscript @ and with subscript 4. In the
first case it is necessary to put r = ¢ in(5,1) and r = 7 in (5, 2), and to consider that
X,‘,i!, Y(’) are determined by (4.6), In-the second case it is necessary toput r = ¥
in(5.1) and r = ¢ in(5.2) and to consider that Xﬁfb), Yi,'.’,, are determined by (4, 10).
The superscripts T and ¢ should satisfy the inequalities 0 < v <<2¢ — 2p and
0<t <<q — p in both cases,

According to (4, 6) and (4. 10), for r = T < ¢ the quantities X ,(*} and YS,’ vanish
identically, and the systems (5. 1), (5. 2) become homogeneous, and &, enters therein only
as a parameter, Hence, the following substitution can be made

Axogx = §1' (53)

Consequently, the systems (5, 1) and (5. 2) pass, respectively, into the equations of the
plane and anti-plane problems of elasticity theory in the homogeneous case, In both
cases &/, [ must be considered as Cartesian coordinates, where 8§, Ut® play the
part of displacements and stresses in the plane problem, and T%}’, Vk( ) in the anti-
plane problem (&;’ corresponds to the subscript 1, and £ to the subscript 3),

Let us call the solution of the form (4, 1), marked with the additional subscript a, the
anti-plane boundary layer, and the solution of the form (4. 8) with the additional subscript
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&, the plane boundary layer, The anti-plane boundary layer is understood to be the
stress-strain state (Sq, T'q) in which S4 plays a secondary part

So = O (na?) T,
and T, can be determined from the homogeneous (for Y% = 0) equations of the anti-

plane problem (5, 2), expressed briefly by (4, 7), with a formal asymptotic error of the
order of O(x™?) . Analogously, T', plays a secondary role in the plane boundary layer
(Sby Tb) T, = 0(%~q+p) Sp
and the homogeneous (for X (" = 0) system of equations of the plane problem (5, 1)
expressed briefly by (4.11) and defining S, with a formal asymptotic error of the order
of O (v ,1eads off.

The connection of the boundary layer to the plane and anti-plane problems of elasti-
city theory was indicated in a number of papers [3—9]. Let us examine the physical

z meaning of this result,

Let the side surface of the shell pass through
the line «; = 0. Let us draw a shell cross section
in the planes of the normal to the surface and

£ of the tangential normal to the line &, = 0.

" through some point of this line, The results
being discussed mean that within the scope of
the formal asymptotic error x™? = &, the bound-

ary layer in this section is independent of what occurs in other normal sections, and in
constructing a boundary layer within the same accuracy the shell can be replaced by an
elastic layer (Fig. 1) < < —o, —o Ll F oo, —A<ES 1

each of whose cross sections §, = const behaves the same as the shell cross section
under consideration, which is shown shaded in Fig, 1, It is seen from (5, 3) that the length
scale will be distorted along the cross sections and also differently in different sections,
in general,

&

Fig., 1

8, Of interest later in boundary layer theory is the boundary value problem consisting
of integrating (5. 1), (5.2) in the infinite half-strip
A< =03 /h<H+ 1, & = Apa /RO (6.1)
while taking into account

a) boundary conditions on the endface &, = 0 or equilvalently oy = 0, about
which no assumptions will be made yet;

b) boundary conditions on the face surfaces { = - 1, consisting of the require-
ment of no stresses at all (it is assumed that the loading applied to the face
surfaces has been taken into account in constructing the interior state of stress);

c) thc-’z requirement of damping of all boundary layer stresses and displacements as

1 T T .
Taking account of (1,2),(1, 3), we write the boundary condition (b) and the require-
ment (c) as follows:  §;o= Tog= Sgg=0 (=% (6.2)
SuZTszlav:O, U13V2=U3:0 (Br" — — ox) (6-3)

This means that the inhomogeneous equations (5, 1), (5. 2) of the plane and anti-plane
problems of elasticity theory must be solved in the half-strip (6, 1) by considering the
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face sides of the half-strip and its infinitely remote endface to be unloaded, Meanwhile,
the quantities X ,(, X,, Y (" are mass force components, and therefore they should
be in equilibrium with the active and reactive forces applied to the endface §,’ = 0,
i. e, should satisfy the following four conditions for equilibration of the half-strip as a
whole : +1 +1 0
\ $8himodt + § at § X0 as0d8 =0
—00
0

—1 —1

+1 +1
) Thmadt+ § ar § Y0 4s0a8 = 0
~:-1—1 -: —0°° (6.4)
{ st § g § x0aar — 0
— - " o——l —00
\ SRhiotat + § at § 12X0 — At X0 Asodti = 0
-1 4 %

The equalities (6, 4) hold for both the plane and anti-plane boundary layers, They
will be called the static damping conditions, It is completely evident that (6, 4) are
necessary for the existence of a damping boundary layer, i, e, satisfying condition (6, 3),
It will henceforth be assumed that (6. 4) are also sufficient for this,

The assumption of sufficiency of the static damping conditions results from the Saint-
Venant principle, The requirements (6. 2), (6. 3) and three conditions on the endface
&' = 0 must be taken into account in constructing the boundary layer. An over-deter-
mined problem is obtained in which the first three equalities in (6, 3) can be considered
redundant since it is evident that a solution always exists in which the stresses at infinity
tend to a finite nonzero limit, Let such a solution satisfy the static damping conditions
for any values of r. But as has been shown above, for r < ¢ Eqs, (5. 1), (5.2) become
the homogeneous equations of the plane and anti-plane problems, and then Egs, (6, 4)
pass into the equilibration conditions for all the forces applied to the half-strip, except
possibly the reactions at infinity, In conformity with the Saint-Venant principle, the stress-
strain state (S"), T(’)) will be a damping state for such r, For » = p >> g the quantities
x®, x$), v(¥) are nonzero, However, by using (4. 6), (4. 10) they are expressed in terms
ot (S(", T("), where r < p ,and therefore, damp out rapidly themselves, Again apply-
ing the Saint-Venant principle to a strip loaded by forces on the endface §,’ = 0 and
the mass forces X{, X\"), Y{”’ localized near §,’ = 0, and making use of the method
of induction, it can be asserted that (S, 7(*)) will even damp for any p upon compli-
ance with the conditions (6. 4).

7. The static damping conditions (6, 4) can also be written in expanded form, If we
speak of the anti-plane boundary layer, then subscripts @ must be appended to the quan-
tities 700, SM, X Y  and we must set r = 1 in the formulas for Y% and must
disclose the meaning of X f,'a), Yﬁfu), by using (4. 6), (3.6)—(3.10), analogously for the
plane boundary layer, Two groups of equalities are hence obtained, which can be called
the static damping conditions for the anti-plane and plane sublayers, respectively, They
are valid for any values of the superscripts ¢ and t, but are awkward, and will not hence-
forth be needed in such general form. Meanwhile, if the maximum admissible values of
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¢ and T are suitably constrained, then the equalities under discussion are simplified con-
siderably and become the following:
static damping conditions for the anti-plane boundary layer

+1
\ Sita Jarmodl = 0 (<9
+Il +1 (1} R
{75 ol + S S R TGl =0 (<29
_1 -rl 1]
S S8 Jarmoll + S dr § 100T8+ Rino TR Andey =0 <9 (T.0)
1 —00
+1
3 S im0 L AL + 5 dg 3 (L [dsoT + 2Rk T52"] —
-1 —20
— Asoki [daTH o+ RhggT52 1} ArodEr = 0 (< 9)
static damping conditions for the plane boundary layer
+1
S Shlemodt — § 5 RiggS57%4088 =0 (£<2)
-1 -0
+1 0

STmla.-odH S dg S (eSSt kuoSin” ] dsedl =0 (<9 7.2

+1 +1 0
Solumodt =\ dt § 2-5G70400d8 =0 <y
-1 -0

+1 0
Sils Lo b e+ Y a0 § R(GE —kol) SG324000 =0 2y
1 -1 -0
These simplifications are based on the following considerations:
1) if r < g, then the quantities §§” satisfy the homogeneous equations (5. 1), and the
quantities Tfl") are homogeneous equations (5, 2), In particular, this latter means that

+ 1.
et Lo —y

70 = 70, r<a) (7.3)
2) in evaluating the integrals in the static damping conditions, it can be considered
that Ang, Koy kgg, Rigy Rao, dao = const (7.4)

since all these quantities introduced in Sect, 3 are independent of E; and {

3) the formula
2R R 1 ¢
Ly BT+ i TS =Ty & ot ©*T520) (1.5)

is valid, as is easily verified by taking into account that d; is expanded by using (3. 4),
and since T4, satisfies the second condition (6, 2), then from (7. 5) there follow
+1 0

{ 4 S [gﬁ.dJW -
. R,
—1 —0
4: R ZR

\ d 3 [Q R a1, + T,(,QLJ L Ao dE; =0
—-—1

2 T JAw e = S at § 2 TRAnds (16
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Moreover the formula +1 0
Ve § e" o1 awt=0 <o) (1.7
—C0
holds, in which D is an expression independent of &, §, and n is a nonnegative number,
In fact, integrating by parts with respect to §,, and considering that E["*! Tg'gz vanishes
at infinity, we obtain

+1 0 41 0 Py o)
n () __ 1 "rip 1% 4.4 7.8)
dt S E" DTE), A dEy . gld; Swf.x L (1.8)
-1 —00 - s

But the first equation of (5, 2) is homogeneous for the assumed values of » ; hence,
expressing T(,’gz in terms of T;g, with its aid, we have
+1

)

o

—1 —00 -1 —00
The integral on the right side of this equality vanishes because of the second condition
of (6, 2).
It can be considered in (7, 7) that

Ao di;

0 +1 0
T
g Q &" DT, Amdg,=;ﬁ;;_°_1 Sd; S a™'p a’;-"“

D = Edy = ER( 1 ) 321 (E is independent of &, ¥) (7.9)

The proof of (7.7) then simplifies since the integral on the right side of (7, 8) will be
considered,

The formula +1 0 +1 0
Var § & DS, Ander= \ a S £ DSG, Ay, dE1 =0 (7.10)
—1 —00 —1 —00

in which D is independent of §,, [ or has the form (7, 9), can be deduced analogously.
The equalities (7, 10), (7. 9) are proved exactly as are (7, 10), (7, 9), except the first or
second of equations (5, 1) must, respectively, be utilized in place of the first equation
in (5.2).

Finally, the formulas
+1 0 —*:l 1]
\ a S t5Q, Awdta=0, \dt { Bldns{ dwdt=0 (@.11)
=1

-1 - —o0

are valid,

They are both proved similarly, If, for definiteness, we speak of the first equality, it
results from the computations presented below in which integration by parts with respect
to §; and § is performed successively, and the first two equalities in (5, 1) and conditions
(6. 2), (6. 3) are also utilized

0

—+1 0
BdC 5 8811410 %1 =— K dg S 41051§ m’ dEy =

_1 p— —00
+1 0 ® +1 2
={a 4 ag’b Avdta= — \ at { autis;, Audts =
T °_l,4 - as “ﬂ o 3s
— 10 2 185 Ssb —_
__Sldﬁ _Soo B o Audty = _Sldg _S’o Ag2Ey? e vty = 0

The simplifications which are made in the static damping conditions (7. 1), (7.2)
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also result from (7. 3)—(17.11),

8, Now, let us deduce the kinematic damping conditions for certain cases, Let it be
required to integrate (5, 1) in the rectangle

058 =dpu/b>—1, —1<E<+H1 8.1y
by satisfying the boundary conditions
SI,-:S,,=0 (C'::ti) EU1=EU3=O (Ell=—"l) (82)

corresponding to the requirements of no exterior forces on the face surfaces, and rigid

framing at the endface §1' = — I; moreover, let the conditions
n m
EUy =3 afff,  EUsy= 2 bylt* (8.3)
imm0) k=0

be posed on the endface §,’ = 0,

It is assumed that the superscript r in (5, 1) can be arbitrary (to simplify the notation
it has not been written down),

Making use of the linearity of the problem, we represent its solution as

n m
S=5* + 2 a;S["i] + 2 ka[w“
i=0 k =0
Here S*, Slull, S[wkl are solutions of(5.1) satisfying conditions (8.2). The first of
these solutions corresponds to inhomogeneous (for the xﬁ? not vanishing simultaneously)
equations (5. 1) and homogeneous conditions on the endface §;," = 0

EU]-* lax'-o = 01 EUS* I-’.x'=0 =0
and the second and third solutions correspond to homogeneous equations (5, 1) and, cor-
respondingly, the following inhomogeneous conditions on the endface §,’ = 0:
EUM =t EUMV =0 and EUVY™ =0, EUVY -

The horizontal and vertical reactive forces P;, P, and the reactive moment P ori~
ginating at the endface £’ = — [ correspond to each of the listed states of stress,
Let us mark them with the same symbols as the state of stress generating them, Then
by requiring that the desired state of stress be given in the framing §," = — [, we
obtain the zero reactions P,, P,, Ps

n m
P* 4 D) aPYY 4 D P =0 (p=1,2,9) (8.4)
i=0 k=0
and these equalities are the kinematic damping conditions for the problem under con-
sideration,

Indeed, let the superscript » in (5,1) be so small that these equations are homogeneous,
Then self-equilibration of the stresses on the endface ;" = 0 will result from the
absence of reactions on the endface §,’ = —!, and as a consequence of the Saint-Venant
principle, damping of the solution of the problem under discussion will hold. Reasoning
further as in Sect, 6, it is easy to see that compliance with (8,4) will assure damping for
any r.

The parameter [ , the length of the rectangle (8, 1), certainly enters the damping con-
ditions, However, it is clear from physical considerations that for sufficiently large [/

(as compared to the width of the rectangle, i, e. with two), the equalities (8, 4) depend
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slightly on /, and the rectangle (8, 1) can be considered as a half-strip,

8, Now,let(5,1) be integrated in the rectangle (8, 1) while again satisfying the con-
dition (8, 2) , but the following mixed conditions are posed on the endface £, = 0
instead of (8. 3) m

Sulmo =1®),  EUsjrm = 2 o’ (9.4)

k =0
where f(§) is an arbitrary function,

The first of these equalities gives the boundary values of the stress Sy;. These values
must be subject to the first and fourth equalities in (6.4). Hence, the damping conditions
will coincide with the static damping conditions in the mixed problem under considera-
tion.

Let S*, S(el, Sk denote the solutions of (5, 1) satisfying the conditions (8, 2). The
first is obtained as a result of solving the inhomogeneous equations, and the remaining
two, as a result of solving the homogeneous equations, They should satisfy the conditions

Sll [il‘ﬂo = 07 f(c). O; EUS [E:’ao = 0! 0! ck
respectively, on the endface §,' = 0 (the quantity Swhk), is different in meaning from
the quantity S[¥¥! jntroduced above),

Let each of these states of stress yield the vertical reaction Py with appropriate addi-
tional indices at the endface §;" = — [, Then requiring that the reaction P4 not be
present in the total solution, we obtain m

P*+ PP+ 3 PP =0 (9.2)
k=0

But the longitudinal force and moment due to the edge stresses 5, and the damped
mass forces are mutually equilibrated near the endface §;" = (0 because of the static
damping conditions and in order for ali the forces to be self-equilibrated near §," = 0
it is sufficient to require compliance with the equality (9.2), which is the single kine-~
matic damping condition for the mixed problem (9, 1), Exactly as has been done in
Sects, 6 and 8, it is easy to show that the first and fourth static damping condition (6. 4),
together with the kinematic damping condition (9, 2), assure a decrease in the solution
of (5.1) in the mixed problem under consideration,

10, A theory of the interior state of stress, the crux of which is the following, has been
constructed in [1].

Let us assume that an elastic medium is referred to the tri-orthogonal coordinate sys-
tem (1, 1), and let Oy, and », denote the stresses and displacements of the interior state
of stress.

It is assumed in [1] that the nonsymmerric stresses introducible by using the formulas

S[]=(1+aa/Rh)0"! (l:1,2,]#=k=1,2)
Sg; = S13 = (1 + g / RJ)G'S ( #=7=12) (10.1)
sss = (1 + as/Ry) (1 + as/ Ry) 0Oss

and the displacements v, possess asymptopic properties expressed by the equalities
S = A5y, sy = wPHsy, 555 = weHiggy’, vy = KI-PHIPY, vy=x—o+ipy’ (10.2)
Here the number d characterizes the intensity of the exterior effects, and is selected
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as a function of the conditions of the problem ; the quantities with the dots are series in
descending powers of % starting with %°, for example
L
s =3 wisf) (10.3)
1=0
The numbers p, ¢ have the same meaning as in Sect, 3,i,e, p/q equals the index
of varfability of £, and the number ¢ is defined by
c=0 for 2p<yq, c=2p—gq for 2p>q (10.4)

in which the well-known fact, that the properties of a state of stress change substantially
when £ passes through the value £ = 1/,, is expressed,

A theory of the interior state of stress has been constructed with a formal asymptotic
error of the order of (4,4),1. e, the upper limit of the summation L was taken to equal
29 —2p — 1.

Within the span of such accuracy the theory of the interior state of stress is equivalent
to some modification of classical sheil theory, Here, unless otherwise specified, the inte-
rior state of stress is understood to be the state of stress possessing the property (10. 2),
and constructed with a formal asymptotic error (4. 4), Moreover, it is always assumed

that t <1, ie. p<g (10.5)
The law of variation of stresses and displacements over the shell thickness is defined
for the interior state of stress by the formulas

$15=Sijo + Csipy Sis = sis0 + Lsim + Osise (G, j=1,2)
S33 = S330 + £Sas1 + [?Spse -+ L85 (7/=1,2,3) (10.6)
Vi =Vko+Lvxn (E=0a/h) (=12

in which the quantities with additional subscripts are functions of the two variables a,,
Qs. Formulas (10, 2) and (10, 3) generally remain valid for them; for example

L
. . el
Sijo = ¥ 48y’ suo = ) % 'Sty
. 1==0
However, some of the quantities in (10,6) vanish for not too large /. Namely
W) =s =sh=0 (i=12 0<Ii<¢—2p+0) (10.7)
Moreover, the following formulas are valid
v = — @It (=12 g—-2p4 c<I< 20 —2p) (10.8)
» W fM-tO
) e (" 30 0 > i=1,2 0<I<2g—2
P R 4 TR ¢ SE<2¢—2p)

In concluding the section, let us refine some of the results of [1] elucidated here,
In the notation accepted, Hooke's law for the deformation of a transverse elongation

is expressed by the equality (10.9)
B0+t 82 = el b= 14

Let us consider formulas (10, 2)~(10.4) and (10, 6) to remain valid for nonsymmetric
stress components and for the displacements v,, v, ,where L = 2¢ — 2p — 1 in



Boundary layer and its interaction with the interior state of stress of an elastic thin shell 985

(10, 3), but we take a more exact expression for the displacement vg
8q—2p—1

vy =K1t B\ %=1 (gy® 4 Logy® + L2wg,0) (10.10)
=0
Inserting the expansions (10, 2), (10, 3), (10.6) and (10, 10) into (10, 9), taking (3. 2)
into account, and equating coefficients of identical powers of %, we obtain the equation

[ o0 — sig™ 4 v (e 4 e+ | + (10.11)
28 [y 4 B (L 4 L) puo] — st-mdie) 4 y(stizato 4 sii=ata)
+ {T [vs'z -+ 2 \R, -{"}'2? Vst | Sam (St + S +

si—2q+c) sli—2q+0)
+vR( ulan 4 2201?2 )}C_*_:O O i<C3¢g—2p)

in which terms containing { in powers above the first are denoted by dots,

Here and henceforth, it is assumed throughout that (4, 3) remains valid for quantities
referring to the interior state of stress, i, e, they are also nonzero only for nonnegative
values of the superscript,

Requiring that the coefficient of §° vanish in (10, 11), we obtain

ol = = v (90§ soeta)  (0<T1<2—20) (10.12)

The upper limit of admissible values / changes in this equality, which is legitimate
since 29 — 2¢c < 3¢ — 2p.
Analogously, equating coefficients of {1 in (10, 11) and utilizing (10, 12), we obtain

Rr
) — _ I— !
v = 3 | VIR F ) + (10.43)
(s(lz;mc) S(Q{Emc))
(l—2q+2€)] 0<IC3g—2
+ VR e s (0<1<3¢—2p)
11, The question of interaction between the interior state of stress and the boundary
layer will be considered in subsequent sections, Let us elucidate the method of this in-
vestigation,
Let us assume that the total state of stress of a shell is a linear combination of the
interior state of stress and the anti-plane .and plane boundary layers, namely, the follow-

ing formulas hold : $i* = St + Siia + Siipy Vk* = Vg + hUxe +hUx  (11.1)
si* =85 + Tija+ Tijpy  Uk* =Ux + Vo + BV (11.2)

where v,*, s;;* are the total displacements and total nonsymmetric stresses (Sect, 10),
Let us take these expansions

or

ool o
Sg = nr—ete 2 x~SY y Tg= % 2 *'TY
t=0 t=0
. - (11.3)
Sy =u+ D kISP, T, =xrP 2 x 'Y
t=0 tem
for the quantities comprising the plane and anti-plane boundary layers,
They differ from the expansions (4, 1) and (4, 8) in that the quantities marked with
the subscripts @ and b are increased, respectively, x* and x*times, This is legitimate
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since (8,0, T,®) and (Sy®, T,®) are defined separately as solutions of some homo-~
geneous equations on which only the homogeneous conditions (8, 2), (6, 3) have as yet
been imposed.

The numbers A, p characterize the intensities of the anti-plane and plane boundary
layers, They should be selected as a function of the kind of boundary conditions of elas-
ticity theory which must be satisfied on the side surfaces of the shell, The following is
what is meant,

Let A, p be fixed integers, Then the stresses and displacements defined by (11,1)
and (11,2) can be represented as expansions in descending powers of x. To do this it is
necessary to express b in terms of % therein by using (3. 2), and to use the expansions
(10.2), (10, 3) for quantities connected with the interior state of stress, and the expansions
(11, 3) for quantities connected with the boundary layers.

Substituting these expansions in the triple of three-dimensional boundary conditions
T' = 0 on the side surfaces, and equating coefficients of identical powers of % in each
condition, we obtain a sequence of boundary conditions I', = (). A certain sequence of
such static or kinematic damping conditions Q= 0 must be appended to these rela-
tionships, whereby only the damped solution of the boundary layer equations will drop
out in the total state of stress, The set of boundary conditions I'y = 0 and Q = 0
defines some iteration process for satisfying the boundary conditions, in which the arbi-
trary values contained in the interior state of stress equations and the boundary layer
equations should be used successively, In general, i.e, for arbitrarily chosen A, u, the
order and type of these equations will contradict the structure I', = 0 and Q_ = 0,
and the problem is to select values of A, W which do not result in such an inconsistency.

12, Let the shell have a free edge, which coincides with some side surface passing
through the line ay== (. Then by virtue of (11, 1) and (11, 2) it must be required that
the following boundary conditions be satisfied

= 83 F Sue F Sup =20, sp2* =512 + Ty90 + T120 = 0
S13% =513 + S1aa + S1sp =0  (a=0)

(homogeneity of the boundary conditions is utilized, and symmetric stresses are replaced
by nonsymmetric ones).
Let us assume that consistent values of A, p are written thus in this case (*)

A=2p—c+d, p=p-+d (12.1)
Let us replace the 8;; in the boundary conditions by the expansions (10, 2),(10, 3),

(10, 6), and the Sgjay Sijos Tijar Tipp by the expansions (11, 3), and let us equate coef-
ficients of identical powers of % to zero, We obtain the following sequence of boundary
conditions . ¢ (=2g+3p—) (t-av)

31(1())+§3 )+S1 4P+ Sub =0

— 1
sS4+ s+ TP 4 T = 0 (12.2)
l— 2 (1
s+ Lo® + Us 4 S0+ S8 =0
(=0, \l<2f1—2p)

*) The validity of the assumptions (12, 1), (13, 1), (14, 2) is discussed in Sect, 16,



Boundary layer and its interaction with the interior state of stress of an elastic thin shell 9817

Values of the superscript / therein are constrained by the inequalities in the paren-
theses since the formulas (10, 6) used here are valid just for such 7.

Besides (12, 2), compliance with the four static damping conditions must be required
in the case under consideration, It is convenient to write them as follows for future

reasoning : 2-‘>‘1(113 a=0 = 0, 251('2 laymo = 0
1 +1 9
2(e8+ 5o8) - §at § 10l & 4 R T60™) gty +
‘;-—11 -ow R
+ @t § A 580 A0dt = 0 (12.3)
w1 —00

+1 0
F8llmo— § d § (6du 27 — Abudso 555 ) Ayodty = 0

-1 —oo

0<i<29—2p)

In order to obtain this result, let us integrate each of the boundary conditions (12, 2)
with respect to { in the band (—1, + 1), let us multiply the first equality (12,2) by {
and let us again integrate with respect to { in the range (—1, -1). Then recalling that
sg}‘ are independent of {, we obtain the following four equalities:

“+1
26130 Plagmo + § [33a8 0P 485, Py dE =0
—1

+1
1- - =
2512o(l)|a1=0 + S [Tma( 2+2p~0) | Tnb(l 2Q+2p)]a;=o d; =0

4
* (12.4)

“+1
i 1 I o —
2 [3130”+ =5 "132“’]011:04' S [Sma( ) 4 S13p ] df =0
21

& g==()

+1

2 v = 1 -

T 1 amot | [P 485, L =0
—1

0<i<29—2p)

Let us eliminate the integrals in the léft side of (12,4) by using (7. 1) and (7. 2) and
let us discard quantities whose superscripts are known to be negative because of the ine-
qualities constraining ¢ in (12,2), This will indeed lead to the required resuit,

Thus, we have the three equalities (12, 2) and the four equalities (12, 3), They will all
be satisfied if the first and third equalities of (12, 2) are considered as endface conditions
for the plane boundary layer, the second equality of (12, 2) as endface conditions for the
anti-plane boundary layer, and the four equalities of (12, 3) as boundary conditions for
the interior state of stress,

Hence, admitting a formal asymptotic error of the order of

gy = O (%129~ (12.5)
in the construction of the plane boundary layer, the endface conditions for the plane
boundary layer can be reduced to the form (12.6)

S =0, S =@3—1) S0 — L8 (u=0,0<r<q—2p +0)
and admitting a formal asymptotic error of the order of
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g, = O (x97) = 0 (A!™) (12.7)
for the anti-plane boundary layer, the endface condition can be written as:
T = — Lo O<r<g—n) (12.8)

Proceeding to the proof of the validity of (12,6) and (12, 8), we assume the superscript
1 in the first two equalities of (12, 2) to be constrained, respectively, by the inequalities

0Si<g—p 0I<q¢—2p+c

Then by virtue of (4, 3), all the boundary-layer quantities vanish and the equalities

e M4y, (M _n 7 RN N My +». WD_n m | I YT
5150+ 58, =0 O<I<g—p) S1a0 T L8 =0 0<I<e—2p 410

(g =0) (12.9)
are obtained which will be a result of the static damping conditions (12, 3), as can easily
be seen by taking account of (4, 3), (10, 4) and (10, 7). Hence, it can be considered that
the superscript [/ .in the first two equalities of (12, 2) is constrained, respectively, by the
inequalities g —p <1< 29— 2p, g—2p+ c1<29—2p

Taking this into account, we make the corresponding substitutions for the superscript
! in the inequalites in (12, 2)
l—q+p=r, l—q+2p —c=r, l=r

We obtain
sno(”q-l’) + gslu("ﬂJ-p) + Sua(’-Q’2P—<f) + Sllb(r) — Or<g—p
5220 I 05, CIEP) L, O T ) =0 (0P <g—0) (12.10)
Sys00) + 581587 + 18107 + S3g, 0 + Sy’ =0 O<r<20—2p)

(t1=0)

It is easy to verify (*) that ¢ — ¢ > ¢ — p. Hence, considering it sufficient to con~
struct the anti-plane boundary layer with the formal asymptotic error (12, 7), the term
associated with the plane boundary layer can be discarded in the second equality in
(12, 10). Equivalently, terms associated with the anti-plane boundary layer can be dis-
carded in the first and third equalities of (12, 10) with the formal asymptotic error (12,5).
Moreover, it follows from (10, 7),(10, 4) and (12, 3) that

5120V TP =5, TP =0 O<r+q—p<g—2p+0)

1
‘120(r)= 0 O<r<g—0h 51907 7 15 =0 O<r<g—2p+0)
(11 = 0)
Hence, the equalities (12, 6) and (12, 8) are obtained.
There results from (12, 1) that near the free edge the anti-plane layer P, generally

possesses (for p == 0) a greater intensity, in the asymptotic sense, than the plane bound-
ary layer P,, We can write conditionally that

Py = O (x-P) P,
(this means that the ratio of the greatest stresses or the greatest displacements in P, and
P, is a quantity of the order of Q(x Prc)),

*) Here and always when speaking of compliance with inequalities, the constraint (10,5)
is taken into account,
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It hence follows that in the total boundary layer P, which is the sum of P,and Py,
the asymptotic error (12, 5) admitted in the plane boundary layer will correspond to the
formal asymptotic error (12, 7).

18, Let the shell edge passing along the line o; = 0 be rigidly clamped and the
following boundary conditions of elasticity theory should be satisfied thereon
0®* =v +hlU,, +hU;, =0, 0,* =0, +hVy +hVy =0
Vg* =05 +hUsq +hU5 =0 (@1 =0)
For this case we assume that
Then proceeding as in Sect, 12, and taking account of the first formula in (3, 2), we
obtain the following sequence of boundary conditions
vie” + ton® + RULT L RUTTP =0 0gi<2—2p)
30 + Lo ® + RV, EHP 4 RV =0 ogi<o—2p)  (13.2)
vao® + Lom® + Euge® 4+ RU, G202+ RULF™9 =0 Ol < 29— p—o)
(1=0)

The customary constraints within which the linear law of variation of vy, vy over §
remains true, are taken for / in the first two equalities; the upper bound for / in the
third equality is 2¢ — p — ¢, which is greater than 29 —2p. for p == 0, In this
connection it is considered that vy is defined by (10, 10),

Let us require that the superscript ! in the first and third equalities of (13, 2) be con-
strained by the respective inequalities

IKI<g—p 0IKI<g—c
Then, by virtue of (4, 3), the boundary layer quantities.drop out and the mentioned

lities be
equalities become vm(z) + Cvuw =0 0o<li<g—p (0 = 0)
vaoa) -+ Cvnm + ¢ Usaa) =0 0<I<g—09)

They can be discarded since it is clarified below that (13, 3) is a consequence of some
other relationships, We shall hence consider the values of / in the first and third equa-
lities of (13, 2) to be constrained by the respective inequalities

g—p<l<2%q—2, g—c<l<q—p-—c
Using this, let us replace the superscript / as follows:
l—gq+p=r, l—q+c=r
The first and third equalities of (13,2) can hence be written
EUW" = ay+ ait,  EUgp” = b+ byl + bot? (n=0, 0<r<g—p (13.4)

where

(13.3)

E E o
an — vm(rw-p), ay = Uum P)
E (r+g—~c E E (13.5)
By = — = Dgy™19™) , by = vn(”"'c) , by == Usa(”q-c)

Let us consider (13, 4), (13, 5) as endface conditions for the plane boundary layer, and
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let us require that the corresponding damping conditions be satisfied,
In this case they can be expressed by three equalities

vu(”q’P) —_ fvsz(r+q_c), Vgo (rg-0) _ gv32(r+¢1—6)’ vm(mq-p) — mvu(nq-c)
(@1=0, 0<r<g—p) (13.6)
in which the coefficients f, g, m are expressed by the formulas
pz[w(?/ _ Pllw‘]
E/,-—l =0 EU=0 m=- W
%[wﬂ] [w0] = 4 ]c= Pz[wo] P3[w2]__ Pﬁ[w2]P3[w0] (13 7)
Ey=! p,Lulpfwol __ p [wolp [u1] )
plw2lp [ull__ p [ullp fw2]
, = Tp,lAlpw0] _ p,[wolp [ul]
o 5';, EG=0 .
| [wl] and the quantities on the right sides of these equa-
EU=F lities can be obtained as a result of solving the five
plane problems pictured in Fig, 2 (nonzero displace-
plw¥ ment patterns are shown on the endface §,’ =0
51’: -l E~p P and nonzero reactions in the formulas under discus-
p ) (wi] i ! sion — on the endface &, = — ).

5{/3-;2 To prove the equalities (13, 6), (13, 7), let us turn
to the plane problem considered in Sect, 8, The
endface conditions (8, 3) represent a generalization

P ) 3 of the equalities (13, 4), and the kinematic damping
pf[m : = conditions (8, 4) can be utilized, In the case under
-— [ul] g discussion, it is necessary to consider that P,*=0

7 in (8. 4) since the superscript r in (13,4) does not

pz[,,,] excee.d g, and therefore, the plane boundary laye'r

E,’= - E,'= P e'quatlons are homoge{le.ous (see Sect, 5), In addi-
54 o EG=T tion, only terms containing a,, @y, b, by, b, are
£0=0 retained in the sums in (8, 4), and it is seen from

Fig, 2 that the P, differ from zero only in the state
Fig, 2 of stress $[40) and ), and the reactive transverse
force and moment P,, Py are nonzero only in the
states of stress §I¥1), g{¥0] and §[¥2] Hence, in the case under consideration, the kine-
matic damping conditions become

Py = aoP [uol + b P, (w1 — o, Py = alpz[ullq_ boP, @0 + bo Py =0
Py = a, Pl¥1] 4 b Pylw0d t p, pfw2l =

Hence, taking account of (13, 5), we obtain (13, 6), (13. 7).

We consider the three kinematic damping conditions (13, 6), (13, 7) as boundary con-
ditions for the interior state of stress, and append the second equality in (13, 2) thereto
as a fourth condition, Then, after having been converted to the form (183.4) and (13, 5),
the first and third equalities of (13.2) form endface conditions for the plane boundary
layer,

Within the span of the formal asymptotic accuracy (4, 4) taken here, the boundary
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conditions described above for the interior state of stress result in

R
mo(r) + .‘vE m (Sno(r_qW) + szao(r-qw)) =0 O<r<%—p—9

vy + —}Z—/‘ (3111(r_q1p) + 5P =0 (0<r<29—2p)
(21=0)

and the endface conditions for a plane boundary layer with a formal asymptotic error
(12.7) can be written as

EU" =vm (3110(” + Szzo(r)) + v/ (3111(r) + 3221(r)) (13.9)
EU"™ = Yyvg (g + £ (511 ” + 5a0™) + 98 (5107 + $220”)
(11=0,0<r<g—p)
Let us prove the validity of the equalities (13, 8) and (13, 9), The quantities on the
right sides of (13, 6) can be expressed by using (10, 12) and (10, 13), Let us make the
appropriate changes in superscripts in these equalities, and let us note that forr <C g — p

the following inequalities are valid:
r+g—c<3¢—2, r—g¢<0, r—qg+c¢<0

Discarding quantities with superscripts known to be negative, we obtain
vR
mTC = — T em® 4 sm®)  O<r<e—p) (13.10)
vR
) = — = b F o) O<r<g—9 (=0

By virtue of (10, 7) we have

s = 527 =0 (r<q¢—2p+o)
Hence

m®=0 0<i<20—2p), mP=0 O<I<s—0c) (u=0) @13.19)
There results from (13, 11) and (13, 6) that

=0 0<Ii<g—p), mP=0 0<I<29—3p+0) (13.12)
v5el? =0 0<<t<29—~2p) (13:13)
(a, = 0)

Meanwhile, the inequalities
2q—3p+cx>q—p, 2q—2p2q—c
hold, from which it follows that (13, 3) could actually be ignored since these equalities
are a consequence of (13, 6) and (13, 11), Substituting (13, 10) into (13, 6) we have
m" TP = —(vR/2E) f (slu(") + san)

13"t ) = — (WR/2E) g (s:n’” + sm)
mo(nq—p) = — (¥R | E)ym (suo(') + Szzo(r)) or<g— ¢)

O<r<g—) (13.14)

(@01=0)
Turning to the boundary conditions (13, 2), let us note that the second of these equa-
lities can be replaced by 0(22 -0 (@ =0, 0< 1< 2 — 2p) (13.15)

since the quantities associated with the boundary layers are known to have negative
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superscripts therein, Furthermore, it follows from (13, 11) and (13, 15) that v‘zll) equals
zero on the boundary for I<{2¢—2p. Indeed, any expression comprised of vgf,) and vf,lo)
or of their derivatives with respect to a, should vanish because of (13, 11) and (13, 15) if
1 << 29 — 2p, and (10, 8) shows that the quantity vgll) has precisely that form,

It has thus been shown that the boundary conditions (13, 2) are equivalent to (13, 4),
(13. 5) and (13, 15) and the kinematic damping conditions reduce to the equalities
(13.11), (13, 12), (13, 13),

The equalities (13, 11) can be discarded: by virtue of (10, 12), (10, 13) and (10, 7) they
are satisfied not only on the boundary but everywhere, The equalities (13, 12), (13, 13)
and (13, 15) are reduced to the form (13, 8) by using (13, 14), and the equalities (13, 4)
and (13, 5) are converted into the endface conditions (13, 9) by using (13, 10) and (13, 13),
The statement required is proved,

The endface condition for the anti-plane boundary layer does not appear among the
relationships deduced. However, it is seen from (13, 1) that in this case, in the notation
utilized in Sect, 12 P, = O (x~1:?) P,

and this means that if the plane boundary layer has been constructed with the formal
asymptotic error (12, 7), then the anti-~plane boundary layer should not be taken into
account within the span of such accuracy,

14, Let the following mixed boundary conditions of elasticity theory be satisfied on
the edge passing along the line ¢t; = 0 :

Su* =5y F Sua F S =0, v* =vp +hVy AV, =0 (14.1)
UVg* =vg +hUsq +hU3, =0
(we consider that they model a hinge-supported edge), In this case, assuming
A=p+d, p=q+d (14.2)

we obtain the sequence of boundary conditions
u l— T l
suow + 23111(1) + ASna( 2-2p) + Sub() =0 0<I<29—2p)

Vzo(l) + Cvn(l) + RVZG(I—zqrzp) + RVglb—zqrw) =0 (©<!<29—2p) (14.3)
Usoa) -+ gvsx(l) + szazu) + RUaa(l-sq*‘ww) + RUab(l—qrc) =0 O<i<2q—p—0)
(11 == O)

to which two static and one kinematic damping conditions must be appended,

The first and fourth equalities in (6, 4) are the static damping conditions in the con-
sidered case, They can be transformed by the scheme described in Sect, 12, From the
first boundary condition of (14, 3), we obtain, exactly as in Sect, 12, the first and fourth
equalities of (12,4) in which the superscript [ — 2¢ + 3p — ¢ must be replaced by
1 —2q + 2p. for the quantities associated with the anti-plane boundary layer, and the
superscript | — g -- p — by 1 for the quantities associated with the plane boundary
layer,

Hence, by using (7. 1) and (7, 2) after quantities with superscripts known to be negative

have been discarded, we obtain the required static damping conditions
“+ 0

1
28130 |ageo + S dg S RhyoSont' P A1odEi =0 0<i<2—2p) (l4.4)

—1 —o0
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41 0 o] (cont.)
—3111 lal=o -+ S dcg [szogsazb =9 ""—— AIOEISZ"b )_] AodEy =
—1 [
from which there follows, in particular, that
s10” = 51" = 0 (=0, 0<I<Lyq) (14.5)

Let us constrain the values of ¢ in the third condition in (14, 3) by the inequalities
0< 1< g — ¢, and let us discard members referring to the boundary layers by virtue
of (4. 3). The equality

Vp® + Lom® + Lo =0 (u=0,u<i<9—9) (14.6)
is then obtained which, as will be elucidated below, cannot be taken into account since
it is a consequence of other relationships, Therefore / in the third equality of (14, 3)
can be bounded by the inequalities

g—c<l<2—p—c
and, on this basis the superscripts in the first and third equalities of (14, 3) can be replaced

by | = r and [ — g -+ ¢ = r.respectively, Then, taking (4. 3) into account, these
equalities can be written as

Subm Jagmo =7 () (0 r<29—2p), EUsb(r) la,—0 = Co + €18 + oL 2

O<r<g—rp (14.7)
where
[ (€)= - Suo - Csux &
Co = ____g_v”(nq-c)’ 6 = __%;vm(’wq-()’ €y = _%U”(HQ-C) (14.8)

They are the endface conditions for the plane boundary layer, and the corresponding
kinematic damping condition is

v’ =0 (4, =0,0<r<2¢~2p) (14.9)
In order to show this, let us note that the plane problem with endface conditions of
the form (14.7) has been considered in Sect, 9, The equality (9, 2) is its single kinema-
tic damping condition, Let us apply it to the case under discussion, let us con-
sider the superscript » in the first equality of (14, 7) to be bounded by the same inequa-
lities as in the second, Then » will be sufficiently small, so that Eqs, (5, 1) of the plane
boundary layer would be homogeneous, and (14, 5) would be satisfied, whereupon
7 (¢) = 0. Moreover, in our case the sum in (9, 1) consists of the first three members,
and it can be considered that only S, g0o1) ¢(w2) (Fig, 3) among the states of stress
introduced in Sect, 9 are not zero, where it is evident that §™!) yijelds a zero transverse
reactive force, Therefore (9,2) becomes
P 4 ¢ P ("D =0
from which we obtain, by taking account of (14, 8) and (13, 10)
DaolT 1) = e__ (sm Ny (r)) (1=0,0r<Lq—p) (14.10)

in which
e = P,(w2) ; p (w0) (14.11)

Here P{™ and P$™ are transverse reactions in the first and third problems pictured
in Fig, 3.
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The quantity on the right side of (14, 10) is not zero only for r > q — 2p + ¢ by vir-
tue of (10, 7). Hence, the discussed equality (14, 9) results,

4 (0

Let us note that (14, 9) and (13, 10) hold for v,(;i,), V31,35 . It follows therefrom that

5=

E=p

(@)

=] £4~1

A (w’) ]

p,(wzf
-~—

7/

Fig, 3

within the range of variation of I shown for (14, 6),
all the quantities listed vanish, and this means that
(14, 6) is satisfied automatically,

The second equality in (14, 3) is identical to the
second equality in (13,2) and also reduces to the
form (13.15),

Thus, four boundary conditions expressed bythe two
equalities (14, 4) and (13, 15),(14. 9), are obtained
for the interior state of stress on the hinged edge,
and they permit construction of the interior state of
stress with the formal asymptotic error (4,4), End-
face conditions (14, 7), (14, 8) which permit its con-
struction with the formal asymptotic error (12, 7)
are obtained for the plane boundary layer. In the first
equality (14, 7) it is sufficient to constrain the value
of r by the inequality r <Cq — p, as it was done
in deriving the kinematic damping condition,

By using (183, 8), (14, 5) and (14, 10) the endface conditions (14, 7), (14, 8) can be con-

verted to the form

S nb(r) =0

EU" =1y (—e+8? (3111(r) + 39017) + ¥ (3110(r) + 52207)

(11=0,0<r<g—p)

(14.12)

There is no endface condition for an anti-plane boundary layer in the hinge-supported
edge case, It also need not be constructed within the accuracy (12, 7) as follows from

(14.2).

15, The boundary conditions in the preceding sections have been formulated relative

to the coefficients of the expansions (10, 2), (10, 3) and (11.3), Multiplying the relation-
ships obtained by powers of % selected in a suitable way, and adding, we can return from
the expansions to the initial quantities, It is hence necessary to take account of the form
of the mentioned expansions, (12, 1), (13, 1) and (14, 2) for the numbers A, p and the
first equality in (3,2). Moreover, it is necessary to disclose the meaning of dyp by for-
mulas (3. 4), (3. 1) and to utilize the following, easily verifiable, summation rule:

6—1

%o [2, x P L 0(%"’)] =P
then =
o—1
%(l 2 “—SP(S_b) — %—bp _J’_ 0 (%a—c)
s=0

The results of these computations are as follows,
Free edge. Boundary conditions for the interior state of stress are obtained from
(12, 3), (12, 6) and (12, 8)
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23110 lax—O - O 28120 |ax=0 = O (15.1)
1 \ 2 9T,
a
2 (3180 + ?3132) - S dg S [Am rrraden kloTzaa]Alod§1 +
—1 —00
5 +1 0
+7z e § Sundudt,
-1 -0
2 T r¢ 9Ty Axoks Tg34
5 suilem— b { T S e — S T ] g0y =0
—1 —oa
as are also the endface conditions for the plane and anti-plane boundary layers
Sup=0, Sp= (302 —1) 813 — ES1m (01=0) (15.2)
Ty = — LS1m (1==0) (12.3)

Rigidly clamped edge, From (13, 8),(13,9) we obtain the boundary conditions
for the interior state of stress

vio+ (VR E)m (s110 + Saz0) = 0, Ugg = U
vgo=0, vy~ (Vh/2E)f(sy1+ Sem) =0
(221=0) (15.4)

and the endface conditions for the plane boundary layer
EUyp = vim(syo + Su0) + Yo viT (8111 + Som)

EUgy = v(s110 + S220) — Yow( g + T + Sz21) (15.5)
(a1 = 0)

Let us note that the quantity y,, in the fourth condition in (15,4) can be expressed in
terms of vgq and vy, by using (10, 8), Summing here, we obtain

1 dvgo V10
(\71_ - +-7§1-) (15.6)

V1= — h day

Hinged edge. From (14,4),(14,9),(13,15) result the boundary conditions for the
interior state of stress
+1 0

28110 Ia1=0+ hkw S dg S SzzuAdel = 0, Vg0 lalno =0, vy Ia‘=o =0 (15-7)
-1 -0

+1
%3111 Jay=o -+ hkzoS tdg S SaepAr0dE — '—'S dg S A1oE1S2ap 4108, = 0
=1 —

and the endface conditions for the plane boundary layer
Sup =0, EUgp == vE(S110 + Sa20) + %(— e+ 8) (S1n + Sam) (2 =0) (15.8)

18, Let us examine the structure of the boundary conditions obtained in Sect, 15, The
interior state of stress and boundary layer are not separated there. However, in the bound-
ary conditions imposed on the interior state of stress the boundary layer is of secondary
value in the asymptotic sense (with the single exception which is discussed below), This
assertion is easily verified since estimates for the interior state of stress are obtained
from (10, 2),(10, 3), (10, 7) and (10, 8), and estimates for the boundary layers — from the
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expansion (11, 3) and the formulas (12, 1),(13, 1) and (14, 2) for the numbers A, [k, and
the symbol d(+) / da, can be estimated by using (3, 3), Performing such an analysis,
we see that only the third equality in (15, 1), in which the first two members are in the
following asymptotic relation

+1 0
1 oT
k S dg S [A% 2 | k10T23a] AygdEy = 0 (x~912P7c) (Slso =+ —3132> _, (16.1)
K==

~1 —00
is the above-mentioned exception ; this means that for 2p > ¢, i.e, for t > 1/, the
anti-plane boundary layer and the interior state of stress in the third equality of (15, 1)
are commensurate,

Within the accuracy (4.3) the left side of (16, 1) can be expressed

1 oT 2 h 0
d 23a £ 8121
Sl C,_\ [A2 + kloTzsa] Ayodl = 3 Ao -5-% (16.2)

Indeed, the meaning of ki, is defined by (2, 3), consequently
1 aTg;;a 1 a

T ay T = Z 5o (A10T,) (16.3)
and therefore
41 0 41 0
1 0T, B0
Ry . [Azo 6&2 +k10T23a:l Aodfy = Aye 0az { d§ T oo ArdEr(  (16.4)
-1 —o0 —1

Let us integrate by parts the expression in the braces with respect to §, and let us take
account of condition (6,2), We obtain

-§1d§ § T%aAdel:—--i zdg § aTC Arodgy
S e

Meanwhile, it follows from (16, 1) that the required accuracy (4, 4) will be retained
if the integral under discussion is evaluated with a formal asymptotic etror of the order
of 0 (x9"°), and since ¢ > 0 it can be considered that T satisfies the homogeneous
equations (5, 2). Therefore

+1 0 +1 0 +1

1 0Ty,
S dg S 230.‘410 d&l - S gdg S AlO 512 Ade-'l - \ CT12a ll g
-1 — —1 —x

The integrand on the right side can here be replaced by the boundary value s;z1 by
using (15, 3), from which formula (16, 2) is obtained,

Now, an iteration process satisfying the boundary conditions of the preceding section
can be formulated in which the interior state of stress, and the plane and anti-plane
boundary layers are separated from each other in a known sense,

In the boundary conditions of the interior state of stress, let us discard those compo-
nents which are generated by the boundary layer and are of secondary value, and let us
express the component of (16, 1) not subject to thisrule by using (16, 2), Then, within
some accuracy the construction of the interior state of stress is isolated into an indepen-
dent problem, Having solved it, we can turn to the construction of the boundary layers
by considering terms generated by the interior state of stress to be known in the approp-
riate conditions, This results in the plane and anti-plane boundary layers also being
separated from each other, and obvious iterations may henceforth be utilized, This is
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indeed the iteration process mentioned in Sect, 11, and the fact that it can be obtained
successfully shows that consistent values of the indices A, |4 are actually defined by
(12.1),(13.1) and (14, 2),

17, Let us now show that if the solutions of some auxiliary problems are considered
known, then the interior state of stress can be separated with all the asymptotic accuracy
(4, 4) taken here,

The auxiliary problems will be marked with numbers in square brackets, and they
consist of construction damped solutions of the homogeneous equations of the plane or
anti-plane elasticity theory problems in the half-strip

—o0 <45 <0, —1<IS !
on whose sides there should be no exterior forces, Let us present the endface conditions
which distinguish the auxiliary problems [1], [2],..., [7] (the problem [1] is anti-plane,
and the rest are plane):

[1] [2] [3] (4] (5] (6] [7]
T13=€ Su"'—"o Su=0 EU]:—‘M EU1=fC Su=0 Sn=0
—_ S13=3C2——1 S13=C EU;:«: EUa=g+C’ EU,:C EUsﬂ-—e-*-c’

The existence of damped solution in all the auxiliary problems is assured, Problem
[1] is solved easily by using trigonometric series and the validity of this assertion is veri-
fied directly in it, The endface loadings are self-equilibrated in problems (2], [3], and
damping follows from the Saint-Venant principle, It derives from the results in [10] in
problem [6], and finally, the numbers m, £, g, e (Sects, 8, 9) were determined from the
damping conditions in problems [4), (5], [7].

The endface conditions (15, 2), (15, 3), (15. 5) and (15, 8) can be represented as linear
combinations of the endface conditions of the auxiliary problems, Hence, the plane and
anti-plane boundary layers originating near the edges with the fixing conditions consi-
dered above, are also linear combinations of solutions of the auxiliary problems, Namely

near the free edge

T = T01[515]a w0, S = SO [s130]ai=g + SO [8131)x,=0a (17.1)
near the rigidly clamped edge
& == VST 8130 + Sa20]aymo - YavSBI [S111 + Sastlay=0 = 0 (17.2)
near the hinged edge
S = S [$130 + Sag0lay=0 + Va¥ST [$111 + Ssaa)a,mo (17.3)

The purpose posed is indeed achieved by the formulas obtained since quantities asso-
ciated with the boundary layer can now be eliminated in the boundary conditions for
the interior state of stress,

For convenience of comparison, we formulate comesponding results in terms of clas-
sical shell theory, To do this, we write formulas for the stress resultants, moments and
displacements by utilizing (10, 1), (10, 6), (3. 1) and (3,2), In the notation of [11], they

e T = 2hsyy, Sy = 2hsya, Gy = — ?/gh?*sq, H, = 3/sh%15
Ny= — 2h(si30 + /s Siss) (=12 (17.4)

u=vlo, v=v20’ w=v80! vn=h?1

(7,is the elastic angle of rotation),
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Let us express quantities referring to the boundary layer in the boundary conditions
for the interior state of stress, i. e, in (15, 1), (15.4), (15, 6) and (15.7), by using (17, 1),
(17, 2) or (11, 3), and let us note that (16, 2), as well as an equality of the form (16, 3),
hold, and let us transfer to the stress resultants, moments and displacements of shell theo-
ry by means of (17,4)., We obtain
boundary conditions at the free edge
T]_ = 0 . Sl - 0

1 0H, h? 1 6H1

Nit o G — oy =0, Gy hall -2 =0 (17.5)
boundary conditions at a rigidly clamped edge
2Ehuy + vhm(T, + Ty) = 0, 2Ehu, = 0
2 Ehw =0, 2Ehy, — (w/h) f(Gy + G4) = 0 (17.6)
boundary conditions at a hinge supported edge
Ty + vhal®dey (Ty + T,) = 0, v=20 (17.7)

[6]
=0, Gy vhaliky (Gy + Ga) + v G (T3 4 Tp) = 0

Here the superscripted letters @ and b have the following meaning:

+1 0
altl — ——S ar \ @7t — 4bTH) Avdt,
+1 0 +1
=\ Wans, av=t{a (s a79)

-1 -0 -t -oc

+1 0 1 pa 9

an =2 zat § sy, o0 =1 dar § Ak, s8land
-1 -00 -1 -0

18, It has been shown in [1] that the accuracy of constructing the interior state of
stress can be raised substantially by an insignificant modification of the classical shell
theory equations, The modification is just a suitable selection of the elasticity relation-
ships; they are presented in an arbitrary coordinate system in [1], and are written down
in [12] for a shell referred to the lines of curvature,

The formal asymptotic error of the modified shell theory equations is of the order of
(4.4), It has been shown that such accuracy is the ultimate for equations obtained within
the scope of the customaty representations of the classical shell theory, i.e. for equations
constructed without introducing new concepts and without raising the order of the equa-
tions,

Modified boundary conditions, which have been obtained here in the form of the equa-
lities (17, 5)~(17. 8), for the free, rigidly clamped and hinge-supported edges, correspond
in accuracy to the modified equations.

In classical shell theory neither the equations nor the boundary conditions assure the
accuracy (4, 4), The equations of classical theory (for insufficiently accurately chosen
elasticity relationships) lead to errors of the order of

e =max {0 (h,), O (A °7*) (18.1)

This has been deduced in [13, 147 and verified in [1].
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Errors in the boundary conditions of classical theory are easily estimated by examining
the additional terms which appear upon going over to the modified boundary conditions,
As is mentioned in [2], they can exceed (4, 4) by achieving the order

e=0 (hol-‘)

Together, the modified equations and modified boundary conditions form a two-dimen-
sional theory of the interfor state of stress which permitsthe determination of the interjor
state of stress of a shell without going beyond the habitual concepts of classical theory
with an ultimately possible accuracy on the arder of (4,4), This result is not at all uni-
versal, it refers just to those interfor states of stress whose asymptotics is determined by
(10, 2), but the majority of problems of practical importance possess this property (see
an.

The results obtained here permit the determination of the boundary layer also, i, e,
the investigation of edge stresses which are outside the range of classical shell theory,

It is necessary to consider the construction of the boundary layer as the second stage in
shell analysis, It is performed after the interior state of stress has been found, and consists
in constructing a linear combination of the solutions of the seven auxiliary problems
introduced in Sect. 17 by means of (17,1)~(17, 3), The boundary values of the interior
stresses obtained earlier are the coefficients of this linear combination,

The proposed theory of edge stresses is of the accuracy of the theory of the interior
state of stress described above, Namely, a boundary layer is constructed with a formal
asymptotic error of the order of (12, 7).

In combination, the theory of the interior state of stress and the theory of the boundary
layer can be considered as the initial approximation of some 1teration process permitting
a formal approach, as close as desired, to the sotution of an appropriate boundary value
problem of elasticity theory,

For an actual analysis of shells by the method proposed it is necessary to have the
solution of the seven auxiliary problems (Sect, 17) and also to know the coefficients m.

f. g, ¢ in the cormresponding kinematic damping conditions (Sects, 8, 9); and the coeffi-
cients a, b defined by (17, 8). Let us note that for an isotropic shell the conditions of

all the auxiliary problems, just as the requirements and formulas governing the values

of a, b, m,, g, e are independent of geometric properties of the shell, and almost inde~
pendent of its physical properties (there exists only a slight dependence on Poisson's

ratio v). All these quantities are dimensionless, have the form O (k,°), and for anisotro-
pic shells it is sufficient to evaluate them once as a function of the parameter v . Just

as the stresses determined by the auxiliary problems far from the comers of the half-strip,
the numbers g, b not only remain finite as h, — 0, but are also not too different from
unity, Meanwhile, m, f, g, ¢ will be small in absolute value, This is evident from phy-
sical considerations; according to (13, 7),(14,11), m, f, g, e are comprised of the reac-
tive forces and moments pictured in Fig, 2, 3, but they should evidently be considerably
smaller in problems [wi], [w2], (w2) than in problems [w0], [u0], [u1], (v0), and it follows
from the structure of the formulas (13, 7), (14, 11) that the absolute values of m, f, g, €
will be small, This is also confirmed by calculations performed on the basis of results

in [10]; for v = 0.3 we obtain e = —0.20; f = 0.097; g = —0.25

The modified boundary conditions differ from the boundary conditions of classical
theory by some number of corrective terms reflecting the influence of the boundary
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layer on the interior state of stress of the shell, As has been shown in [2], they are a
generalization of those corrections which were introduced by Kirchhoff, These latter
may be considered as first approximation corrections while the next approximations have
already been taken into account in the modified boundary conditions (this result was
obtained in [15] for a plate), This is seen clearly in Sect, 16, The term (16, 1), corre~
sponding to the Kirchhoff correction, turns out to be the single member associated with
the boundary layers which is not known to be less than the members associated with the
interior state of stress,

The coefficients in the modified boundary conditions are not identical in absolute
value, The correction terms in the static boundary conditions enter in the coefficients
a, b, which are commensurate with unity, They enter in the kinematic boundary condi-
tions with the coefficients:.vm, vf, vg, ve, which are small as compared with one (al-
though finite as h, — 0). This means that the errors in the kinematic boundary condi-
tions in classical shell theory is less in practice, than the error in the static boundary
conditions,

It certainly does not follow from the above that an increase in the stiffness of fixing
the edge diminishes the relative role of the boundary layer stresses, From (17, 1)—(17,3)
it follows that the order of the edge stresses of the boundary layer is determined by the
order of the coefficients in the solutions of the auxiliary problems, i, e, the edge stresses
will generally be of the same order as the greatest interior stresses, Only a free edge of
a shell might be an exception (but not of a plate), if the variability of the interior state
of stress therein is not too great,
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A solution of the problem of deformation of a sphere under normal loadings is obtained
by quadratures, The Green's function of the boundary value problem is written out in
finite form, In contrast to an analogous series solution [1], the solution found admits of
nonsmooth loadings, As an example, the problem of compression of a sphere by concen-
trated forces is solved in closed form; the solution is expressed in terms of a hypergeo-
metric function,
It is known from [1] that the solution of the equilibrium equations of an elastic body
in displacements 20— v,
1—2v
with the boundary conditions
=0, o6,=06(8), Ter=0 forr=R

graddivu —rotrotu =0

in a spherical coordinate system r, 0, @ has the following form:
3 1w [«
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+ 4w ()7 ]+ S )
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Ue = 732G
A= cos (0 + a) 4 2 sin 0 sin a sin2¢

Here Py (M) are Legendre polynomials, and the coefficients A4, are rational fraction



